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Abstract. The formulation of supermembrane theory on nontrivial backgrounds is discussed.
In particular, we obtain the Hamiltonian of the supermembrane on a background with constant
bosonic three form on a target space M9 × T2.
1. Introduction
The supermembrane action was obtained in [1, 2] using the superspace formalism, it is a
generalization to 11 dimensions of the Green-Schwarz action for strings. The supermembrane, or
M2-brane, is an extended bidimensional object evolving in a target space and acts as a source of
supergravity in 11 dimensions. Moreover, the kinetic terms of the five the consistent superstrings
theories in 10 dimensions can be obtained from the action of the M2-brane. The gauge potential
that couples to this 2-brane is the 3-form of supegravity.
In [3], the authors studied the particular case when the background is a flat superspace. They
found the expressions for the supervielbeins in the worldvolume of the supermembrane and the
different components of the super 3-form in this specific background. The bosonic component
was set to zero. Under these assumptions, in [4] they were able to obtain the action and its
symmetries, the equations of motion, the supercurrent, and therefore the superalgebra of the
theory. It is worth to mention that the requirements that [3] assume, in order to obtain the
components of the super 3 forms related to the flat superspace, can also be satisfied when the
bosonic component is not zero but constant. This case may be relevant if we aim to study the
theory with a non trivial topology in the background, which can be the case of a spacetime with
compactified dimensions.
Later on, in [5] it was studied the hamiltonian formulation of the supermembrane evolving
in a general background. They first found the bosonic part of Hamiltonian and then, with a
method known as gauge completion, they added the fermionic contributions until second order
in the fermionic variables. In that work, they found that the Hamiltonian has a non trivial
dependence on the non physical variable X− in the light-cone coordinates. Furthermore, any
intent to solve the constraints of the theory and find X− leads to non local expression. For this
reason they could not decouple, in a local way, this non physical degree of freedom from the
hamiltonian.
In this work, we study the Hamiltonian formulation of the supermembrane evolving in a
Minkowski background M9 × T2 with a constant bosonic three form. This work is organized
as follows: in Section 2 we write the supermembrane action in general curved background and
explain some their symmetries. Then, in Section 3 we first find the Hamiltonian formulation of
the supermembrane in the particular case in which the metric of the superspace is Minkowski
with a constant bosonic 3-form. We solve the problem associated with the dependence of the
X− variable in the Hamiltonian and finally we write the mass operator of the theory. We also
verify the consistence of the chosen background using the equation of motion of the supergravity
in eleven dimensions. Finally in section 4 we present a discussion of the results.
2. Supermembrane theory on a curved background
In this section we review well-known results found in [1, 2]. The action for a supermembrane
evolving in a general background is given in terms of superspace coordinates Xµ(ξ) and θα(ξ)
S[Z(ξ)] =
∫
d3ξ
[
−
√
−g(Z(ξ))− 1
6
ǫijkΠAi Π
B
j Π
C
k CCBA
]
, (1)
where ξi represents the world-volume coordinates, gij = Π
a
iΠ
b
jηab is the induced metric of
the world volume (ηab is the metric of the tangent superspace) and Π
A
i = ∂iZ
MEAM . Here
M = (µ, α) and A = (a, αˆ) represents the curved superspace index and the tangent superspace
index, respectively.
This action is invariant under two local gauge invariances
• World-volume reparametrizations
δZM = ηi(ξ)∂iZ
M . (2)
• Local fermionic transformation (κ-symmetry)
δZMEaM = 0, δZ
MEαˆM = (1− Γ)αˆβˆκ
βˆ , (3)
where κ(ξ) is an arbitrary non constant spinor and Γ is defined by
Γ =
ǫijk
6
√−gE
µ
i E
ν
j E
ρ
kΓµνρ , (4)
and it does satisfy two main identities
Γ2 = 1, Γ /Ei = /EiΓ = gij
ǫjkl
2
√−gE
µ
kE
ν
l Γµν . (5)
The existence of this κ-symmetry in the action imposes strong conditions under the allowed
backgrounds of the theory. Specifically, in a D = 11 superspace, the constraints imposed by the
κ-symmetry over the four form field strength and the torsion two form
H = dC, TA =
1
2
EBECTACB , (6)
are given by
H
αˆβˆγˆδˆ
= H
αˆβˆγˆd
= 0 , (7)
T a
αˆβˆ
= (Γa)
αˆβˆ
, H
αˆβˆab
= −2(Γab)αˆβˆ , (8)
ηc(aT
c
b)αˆ = ηabΛαˆ , Hαˆabc = −
1
2
Λ
βˆ
(Γabc)
βˆ
αˆ . (9)
Here, the Λαˆ is an arbitrary spinor which in eleven dimension we can be always set to
zero. This constraints are related with the coupling of the supermembrane theory to the eleven
dimensional supergravity.
3. Supermembrane theory on a generalized flat superspace
In this section we will study the Hamiltonian formulation of the supermembrane on a Minkowski
space M9×T2 with a constant bosonic three-form and T2 a flat 2-torus. This will be done using
the results of the previous section and the same procedure used in [4]. Then considering that
the metric of the target-space is given by Gµν = ηµν the components of the supervielbein take
the following form
EaM = (δ
a
µ,−(θ¯Γa)α), EαˆM = (0, δαˆα). (10)
Using this expresions for the supervielbein and the constraints (7)-(9) we can solve dC = H for
C and obtain that the most general solution for this case is given by
Cµνα = (θ¯Γµν)α , (11)
Cµαβ = (θ¯Γµν)(α(θ¯Γ
ν)β) , (12)
Cαβγ = (θ¯Γµν)(α(θ¯Γ
µ)β(θ¯Γ
ν)γ) , (13)
Cµνρ = const . (14)
Now, introducing (10) and (11)-(14) in the action (1) it can be shown that the most general
action for this particular case is given by
S =
∫
d3ξ
{
−√−g − εijkθ¯Γµν∂kθ
[
1
2
∂iX
µ(∂jX
ν + θ¯Γν∂jθ) +
+
1
6
θ¯Γµ∂iθθ¯Γ
ν∂jθ
]
− 1
6
εijk∂iX
µ∂jX
ν∂kX
ρCρνµ
}
. (15)
The latter term in (15) is zero when the space is purely a contractible space, like Minkowski
spacetime. However it has a nontrivial contribution when there is a compact sector of the target
space.
As this action is a particular case of (1), it is invariant under reparametrizations of the
worldvolume (2) and κ-symmetry (3), but also under super-Poincare transformations given by
δXµ = −ǫ¯Γµθ + lµνXν + aµ, δθ = ǫ+
1
4
lµνΓ
µνθ . (16)
In order to proceed with the physical analysis of the supermembrane we will pass to the Light-
Cone coordinates. We will denote the transverse coordinates by Xa with a = 1, .., 9. Then we
can make a partial use of the worldvolume reparametrizations and the κ-symmetry to perform
the following gauge fixings
X+(ξ) = X+0 + τ, Γ
+θ = 0. (17)
Using now this expressions and following the same procedure applied in [4] we find that the
Hamiltonian density is given by
H = 1
P− − C−
[
1
2
(Pa − Ca)2 + 1
4
(εrs∂rX
a∂sX
b)2
]
+ εrsθ¯Γ−Γa∂sθ∂rX
a − C+ − C+− (18)
where
Ca = −εrs∂rX−∂sXbC−ab + 1
2
εrs∂rX
b∂sX
cCabc , (19)
C± =
1
2
εrs∂rX
a∂sX
bC±ab , (20)
C+− = ε
rs∂rX
−∂sX
aC+−a . (21)
This hamiltonian density is subject to the following primary constrains
Φr ≡ Pa∂rXa + P−∂rX− + S¯∂rθ ≈ 0 , (22)
χ ≡ S + (P− − C−)Γ−θ ≈ 0 . (23)
It is an easy calculation to verify that there are no secondary constraints in the theory.
Now, we can use the tensor gauge transformation of the three from to fix the gauge
C+− = 0 , C−ab = constant. Nevertheless this Hamiltonian density has an explicit and non
trivial dependence on the X− variable, which is not desirable. In fact if we try to solve for X−
in (27) this will lead us to non local expressions. This problem was reported for the first time
in [5].
In order to solve this problem, we propose the following transformation of the canonical
variables
Xa → Xˆa ≡ Xa, X− → Xˆ− ≡ X− ,
Pa → Pˆa ≡ Pa − Ca , P− → Pˆ− ≡ P− − C− ,
θα → θˆα ≡ θα , S → Sˆ ≡ S .
(24)
It can be shown, that this transformation does preserve all the Poisson brackets and also satisfy∫
Σ
(PaX˙
a + P−X˙
− + S¯θ˙) =
∫
Σ
(Pˆa
˙ˆ
Xa + Pˆ−
˙ˆ
X− + ˆ¯S
˙ˆ
θ) . (25)
Then we can conclude that this is a canonical transformation.
In this new canonical variables the Hamiltonian density is given by
Hˆ = 1
Pˆ−
[
1
2
PˆaPˆ
a +
1
4
(εrs∂rXˆ
a∂sXˆ
b)2
]
+ εrs
¯ˆ
θΓ−Γa∂sθˆ∂rXˆ
a − Cˆ+ , (26)
subject to the constraints
Φˆr ≡ Pˆa∂rXˆa + Pˆ−∂rXˆ− + ˆ¯S∂rθˆ ≈ 0 , (27)
χˆ ≡ Sˆ + Pˆ−Γ−θˆ ≈ 0 . (28)
Although the fermionic constraint change it structure after we perform the canonical
transformation, it is easy to see that the Poisson Bracket with itself remain invariant.
Finally we can also fix the gauge
P− =
√
w(σ), with
∫
Σ
√
w(σ) = 1, (29)
which, together with the definitions of the zero modes
Pˆ a0 =
∫
Σ
d2σPˆ a, Pˆ−0 = −
∫
Σ
d2σHˆ, (30)
Xˆa0 =
∫
Σ
d2σ
√
w(σ)Xˆa, θˆ0 =
∫
Σ
d2σ
√
w(σ)θˆ, (31)
allow to us find the mass operator of the supermembrane in this background,
M2 ≡ −2P+0 P−0 − Pˆ0aPˆ a0 =
∫
Σ
d2σ
{
1√
w(σ)
[
Pˆ ′aPˆ
′a +
1
2
(εrs∂rXˆ
′a∂sXˆ
′b)2
]
+
+ 2εrs ˆ¯θ′Γ−Γa∂sθˆ
′∂rXˆ
′a − 2Cˆ+
}
(32)
where the prime indicates that we are excluding the zero modes contribution and we are
considering that θ
′
is single-valued, even in a compactified target-space. The fact that θˆ0 does
not appear in the mass operator has a very important consequence for the theory, that where
discussed in detail in [4]. In that work the authors used zero modes independence in the mass
operator to prove that, if there exist a massless states for the supermembrane, it would be the
massless supermultiplet of the eleven dimensional supergravity.
3.1. Consistency of the background
It may be questioned if Gµν = ηµν with Cµνρ = constant 6= 0 is a background consistent with
supergravity. This background was already considered in [6]. Let us consider the bosonic action
of supergravity in d = 11 [7], the equation of motion for the elfbein is [8]
Rµν − 1
2
gµνR =
1
3
gµνFρσλτF
ρσλτ − 1
24
FµρσλF
ρσλ
ν , (33)
and, is easy to see that the scalar curvature is given by R = 136FρσλτF
ρσλτ . As the bosonic
components of the super 3 form are set to constant, therefore the field strength F = dC is
zero. We have then, that the equation of motion can be written as Rµν = 0 , and we have that
the vacuum solution must be Minkowski in 11 dimensions. It can be verified that this is not
only a maximally symmetric space, but a maximally supersymmetric space [9], because of the
vanishing condition for the field strength.
4. Discussion
We present in this work the action for a supermembrane evolving in a target space with constant
bosonic 3-form. The consequences of this study acquire relevance in the case where there are
compactified dimensions in the target space, we considered in our analysis M9 × T2. This
study enable us to obtain the Hamiltonian of the supermembrane in this particular background.
We found the same problem reported in [5] with respect to the nontrivial dependence of
the Hamiltonian on the variable X−. We solved this problem by performing a canonical
transformation, which eliminates the X− dependence in the Hamiltonian by solving the first
class constraint of the theory. We found in the usual way X− in terms of the physical degrees
of freedom. Once the Hamitonian is expressed in terms of these variables, we compute the Mass
operator of the theory and we find that it does not depend of the zero modes of the theory.
Using this new well defined Hamiltonian it is possible to study in further detail the properties
of the supermembrane in a constant curved background, like for example, the asymptotic
coupling to the solution of supergravity in eleven dimensions obtained in [6] with a M2-brane
acting as a source.
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